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ABSTRACT

Two statistics for testing uniformity of circular data, one proposed by the
first author and the other by Watson, are compared through their approximate
Bahadur efliciencies. The results as to which is superior differ depending on
whether one is testing uniformity against unimodal von Mises alternatlves or
against appropriate multimodal alternaitves.

1. Introduction :

For testing whether a random sample 6;,-: - , 9y on the circle comes
from a uniform distribution, Ajne (1968) proposed the statistic

An__f { 0)—2_}2d0 (1-1)

where N(0) is the number of observations in the semi-circle [0, 0 + x).
The null hypothesis of uniformity is rejected for large values of A,. Rao (19726)
considered the following generalization of A, which is a variation of the chi-square
statistic. Suppose the circular data 0,, 6, =---: 0, is grouped into m class
intervals of equal width for any fixed positive integer m. Let the i-th class
interval be

Ty(o) = [«+(i—1>ﬁ, et N 1089, -
m m

and let z («) be the number of observations that fall in I;(«).
13

Then
72 (m _En"f Z[ni(m)———] da. (1-2)

i=1
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2
It is easily seen that A, is a special case of X, (m) when m = 2. Watson

(1967) considered a generalization of (1:1) in another direction. For any fixed
positive integer m, let

7 . -
S ="11) [x—|—-2_1‘2,—g.27t, x+212 I.Qn)

i=1 m m

and let Np(x) be the number of observations falling in this set. Then Watsou
(ibid.) suggested the statistic

2 -
An(m)zﬁ‘ {Nm(x)_‘ﬁ—} dx (1-3)
n 2
0
for testing uniformity. Clearly m=1 in (1-3) corresponds to A, defined in (1-1).
On the other hand, Beran (1969a) considered the following general class of tests

of uniformity. Let f(0) be any probability density function (p.d.f.) on the
circle. Then Beran’s class of tests for testing uniformity given by

27

. n 2
anznf Zf(e—]—f)i)—n(%v)_l] do. (1-4)
0 i=1
2 : ;
Tt is shown in Section 2 that X, (m) defined in (1:2) as well as A,(m)

defined in (1:3) are of the form (1-4). Using this idea, conparison is made
between tests with respect to their Bahadur efficiency in Section 3.

2, The X;(m) test and A,(m) test as special cases of B,.

In this section we show that both the statistics Xi(m) and Ap(m) are of

the form (1-4). The circular p. d. f. f(+) coresponding to each of these tests
and its Fourier expansion are obtained. And alternte form of B, (see for
instance Mardia 1972, p. 190) which is more useful, is the following. Let the
Fourier expansion of f(0) be

£(0) = <2n>‘1{1 +2 3™ (up cos p0 + By sin p6) }
p=1

Then

B, = ": Znh (6, — 6))

i=1 j=1
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where

o0
h(ﬁ) =22 ( oc:, + B;) cos p0 .
p=1
Let

D) =x=|(x—10])], 0<0<2n
denote the * circular ditance ” between the points 6 and the origin. Then
Dy —D(O —0 ) gives the circular distance between the jth and j'th

obscrvatlons In tcrms of these circular distances, Rao (1972b) showed that the
statistic in (1-2) is equal to

m?

Xi (m) =m—n+ (Qﬂ/m _'Dﬁ/) ’

2 L Lo
™ (SRR ETS
jj'< /m

which is a computationally useful formula. One can rewrite this as

n n

5 1 m?
x} (m) = 722 - (2nfm = D) - I(D, ;) ~ 1

j=1j'=
where

1 x £ 2nfm
I(x):{

0 otherwise.
Thus

n n
1
~:<m)=722dcej—ej,> 2-1)
, j=1 j=1

with the definition

400) :-127%(2ﬂ:/m—‘D(6)) .I(D(0)) — 1.

Clearly the function d () is symmetric with respect to zero and periodic
with period 2w, and it is easy to check that

2% 2
fd(e)de:0= f d(0) sin k6 do,
0 0

and
2%

2

( 2km )
1 — cos :
'rck m 4

f(l(ﬂ)coskﬁdﬂ—-
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Hence

[ve] 2 .
d (0) = Z 4 1 — cos e dim cos £0
— ? j? m

Z [ttt | s iy
— Z ' " lze ik 8 lewre « — I:in (krc/m_)_]

k#0 kTC/?n
Now define the p: d. f.

f(0)=(21c)_1{1+2 Z “, cos ke}
k=1

on the circle and let

n n

Op = Z cos p,, Sp = Z sin $0, -

i=1 t=]

Then

Ms

2o S(048) — L=

i=1], . p=1

o, G, cos pf + Z(— Sp) sin $0 .
T p=
On substituting this in (1.4), and using Parseval’s identity,

2r 2
Bn——27’tf Zf(O—I-O)—n(QTc) 1]d0

i=1
n n [ve] k o
-BE ¢ B
J=15=1 k=1 w/m
2
=n- x (m

from (2-1) and (2-2). Thus xi (m) is of the form (1-4).

Beran (1969b) showed that A, (m) defined in (1-3) is also a special case
of B, by taking f(x) as the symmetric m—modal density .

e 5 €S,
T

Sx) =

Z otherwise
T
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where a is an arbitrary location parameter on the circle, p # §andp +¢ = 1
we also have (ibid.)

nw 2 N )
iy =M S0 AT Bimier : ‘_
J<Fk : i

n

where
”~ ' .
x, = mx, (mod D )y & = llyo000o0 , M

and D(x, y) is the circular distance between x and 3. Agéin taking,

[i-—mﬂ, fo<o< =
I) m

(mod 2—n- ) ;
m.

*
d(8) =
[ = +m(e_21) if mjm < 0 < 2m/m
4 m

we have
n n
1 * ,
A, (m) = — d (9,—90.). (2-3)
n == :
It can be checked that
2r 27 5
% 5
f d (0)dd= 0 = J‘ d (8)sink 0db, and
0 0
4m? 4 .
- i k=(2i—1)m
G { k2 @ —1)2 ( X
f d*(6) cos k0 8 = i=1,2,3 -
. :
0 otherwise.
= 2
Hence a%(g) =2 V. — = -cos (2i — 1)mb
en O =2 o=t Zih
=
= E l';'kﬂ (2:4)
k
k%0
where
2

L k= (- m
4 = Osil;:l:2)"'

0 otherwise,

\c \2_—_— -71—(_% P 1)2_
k
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3. Approximate Bahadur Efficiencies of X2(ﬂm) and A,(m).
n

We first briefly set forth the concept of Bahadur approximate slope (BAS)
and Bahadur approximate efficiency (BAE) that would be used in this section.
Let {Tn} be a sequence of real-valued statistics based on a random sample of size 7.
Bahadur (1960) defined {Tn} to be a standard sequence for testing the hypothesis
H, : & = «, if the following three conditions are satisfied.

(i) There exists a continuous probability distribution functin F such
that lim PKO (Ty < x) = F(x).

n~—>0o0
(ii) There exists a constant q,0 < a < oo, such that

log (1 —F(x)) = —a_’;_ (L 4+ 0(1)) where o(1) >0as x — co.

(iii) There exists a real-valued function b(«) for any « in the alternative,
with 0 < b(k) < o0, such that

lim P (| Ta/Vn —b(x) | >4 =0 for every x > 0
K

n->00

Bahadur (1960) defines BAS of the sequence {Tn,} to be ¢ (k) = ab?(x) and
BAE of a standard sequence {Til)} relative  to another standard sequence
{T(z) }t'o be
n
Fyy(e) = 9.
& 6010

In what follows, « will denote the concentration parameter for von Mises
alternatives (see (3-2) and (3-5)) and the hypothesis of uniformity corresponds

2
to Hy : ¥ = 0. Since both A,(m) and Xn(m) can be expressed in the form (4-1)

we can use the result (see Rao (1972a) Lemma 2.3; also Beran (1969a)) that
the BSA of B, under an alternative with distribution function G(x) is given by

S(G) :Z ick’ ; ‘dk] / max, | Ck‘ (3-1)
k0

where {ck} are the Fourier coeflicients of f(+) in B, and { d, } the Fourier

coeflicients of G. Since Ap(m) is based on dividing the whole circumference
into  2m intervals, a valid comparison of An(m) should be made against

2 .
%,,(2m). This is done first against unimodal von Mises alternatives with p. d. f.

—1 kcos 0
¢

&(0) = 2rl,(x) » 056 <2m (3-2)
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2

Denote the BAS of %,(2m) and Ay(m) against the distribution function G by
S, (G) and S,(G) respectively.  The Fourier cocllicinets of g;(0) are given by
(see for instance Mardia (1972) p. 62) dy(x) = dy(x)/1y(x) where Ip() denotes

the Bessel function of the first kind of purely imaginary argument and has
the expansion

' 19\ 1932 oY1

A2 S RN (7 J LN N M R B
(n + 1) l-(n+ 1) 1-2:(n+1) (n-+2) )
I'rom (2-2). (2:4) and (3-1) it follows that

= sin IT/2m \* 2
5:(Gy) Z( /~) (m«)/um)

120 { sin w/2m

Y788 1 i 3 &
Su(G, Z (7—--1‘)2 ( l\2i~ o (\K‘)’,I”(K)> :

To gel an idea about local efliciency (1. c., for alternatives close to the
null hypothesis) one may use the cxpansion (3-3) and let « =0 in the above
expressions in  (3-4). We see that the limiting BAL of A,(m) relative to

BN

v*(2m) is zero unless m =1, in which case these two tests are ol coursc, the same.

N

This is not surprising in view of the fact that when there are more than 2 class

intervals (i. e., m > 1) the 7°(2m) test takes into account the frequencies in all
i3

these class intervals simultancously whereas the A, (m) test lumps such frequencics

into two groups, those belonging to the set S, and  those that do not. Tor
2

this reason, oue would expect the Z (m) test to asymplotically more efficient
13

than the Ay(m) test for testing uniformity against any unimodal alternatives.

On the other hand, if we take the m-modal von Mises density

e TS T ST iy <2 (i (3-5)
as the alternative which has the Tourier cocllicients
I,Ge) ..
_——1'(’(;) it [ = pm
dl - Ly(x)
0 otherwise,

then we have

—_—0

$,(G,) = \Zj ((m‘ —1) msin )1) (Tgi 1y (/Lo6))’

2m

and
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0
. —2 . )
S:(Ga) = D @ =17 Ty gy, (/L) = 5,(Gy)
! i= —c0

2 —2
“Therefore the BAE of %, (2m) relative to Apn(m) is ( m sin 21> i
' m
This relative efficiency is one when m = 1, but Ay(m) is somewhat more efficient

2 3
than Xn(2m) for m > 1. 1In fact, for large m, this value tends to iz . Thus in
T

testing uniformity against m-modal von Mises alternatives, given in (3-5), Watson’s
statistic A, (m) has better asymptotic efficiency.
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